DIFFERENTIAL MANIFOLDS HOMEWORK 2

KELLER VANDEBOGERT

1. EXERCISE 1.20

(a). Suppose X is star shaped about zy. Then our homotopy is natu-
rally Fi(t,z) :==tx 4+ (1 — t)zg, x € X and t € [0,1]. By definition of

star shaped, this segment must lie within X.

(b). Setting xy = 0 in the above homotopy formula, we have that

F(t,x) = tz. Now consider a p-form w. First compute F*w:

Ly Frw(sz) ((5,02), (0's,0')) = we(6(sz), ' (sz))
' = Wy, (xds + s0z, 10's + s8'x)
Where §s, dz are tangent vectors at (s,t). Now take the interior

product with V(s,z) = (1,0):

(1.2)
iywse(xds + s0x, x8's + 80'x) = we(2ds(1,0) + s0x(1,0), xd's + sd'z)

= Wsp (T, $07) + wsr(x, TS)
= wg(x, 0x)s
Now consider the pullback of G := ¢V o J which takes z — (¢, z).

Then this is merely the change of variable sending s +— ¢. To see this,

merely rewrite:
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= W (T, 0x)s = Wp(sy)(0F (s,2)(1,0),0 F(s,x))

Then our pullback becomes:

(1.3)
(" o JI*wr (s (0F (s,2)(1,0), 0 F(s,2)) = wrc) (0F(G(z))(1,0), 8 F(G(z)))
= Wy (z, dx)t

Finally, integrating from 0 to 1:

1
Hw(dx) :/ Wi (T, 0x)tdt
0

And for a constant form, w;, = w so that

1
Hw(z) = w(x, (51’)/ tdt = %w(x, dx)
0

(c). Consider the case for any p-form w. Our pullback F* becomes:

(1.4)
F*w((élx, 6'z), ..., 07s,6"1)) = we (6" (sz), ..., 0"(sz))

= Wy, (s6'a + xd's, ..., 56" + 26s)

And computing the interior product similarly:

(1.5)

Ty Wsa (851.76 +x8ts, ..., s0Px + x6ps) = Wy (sélx(l, 0) +26's(1,0), ...,s6%z + xéps)
= wsz(x, oo, 80P + xé”s)
= Wgy (a:, ez, ..., 5%)5”’1

Arguing identically as in part (b), the pullback by eV o J merely

sends s — t, so we derive the general case:
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1
Hw(8%z, ..., 0P) :/ Wie(x, 6%z, ..., 5px)tp_1dt
0

And for a constant form,

1
Hw(8%z, ..., 0%z) = ~w(0®z, ...,60)
p
And we are done.

2. PrROBLEM 1.21

(a). We first check that 6 = (2zy + 2?)dz + 22dy + 2x2dz is in fact

closed:

(2.1)

df = (2ydx + 22dy + 22dz) A dx + (2zdz) A dy + (22dz + 22dz) A dz
= —2xdx Ady + 2zdz Adx 4 2zdx Ady — 2zdz A dx

=0

So that @ is closed. Now, using the formula from 1.20, we know:

dHw =w
Where Hw = fol wip(0z)dt. Then, in our case we see the triple
(x,y,2) — (tx,ty,tz) and (dz,dy,dz) — (z,y,2) (this works because
evaluating our one forms merely results a replacement). Using this, 6

is mapped to the 0-form:

0 > 22wy + 2%)x + t?2%y + 172127

And integrating from 0 to 1, we find our antiderivative:

HO = 2%y + x2°
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(b). Again, we check that w = (22 — 2zy)dy Adz + (y* — 2yz)dz Adz +
(2% — 2zz)dx A dy is closed:

(2.2)
dw = (2zdx — 2ydz — 2zdy) Ady A dz

+ (2ydy — 22dy — 2ydz) Adz A dx
+ (22dz — 2zdx — 2zdz) Adz A dy
= (2 — 2y)dz Ady Adz + (2y — 2z)dy Adz Adx + (22 — 2z)dz Adz A dy

(
(2 — 2y + 2y — 22+ 2z —2z)dz Ady Adz =0

So w is exact. Now, using the derived formula from 1.20 again,
(x,y,2) — (tx,ty,tz) and we evaluate our vector fields at each of x, y

and z. The final result becomes

yz(2x +y — 32>dx _wz(3r =2y — Z)dy N ry(r — 3y + 22)

4 4 4

Hw =

dz

And this is an antiderivative (note that this is not unique! We can

find a simpler antiderivative just by inspection).

3. EXERCISE 1.22

Compute the pullback of F(p,¢) as recommended in the hint. We
see that x = pcos ¢, y = psin ¢, and
dx = cos ¢pdp — psin ¢do

dy = sin ¢dp + pcos pdeo

Plugging in,
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(3.1)
F*w = p~2(psin ¢ cos ¢dp + p* cos® ppdg) — p~2(psin ¢ cos pdp — p? sin® pdg

= p?(p*(cos® ¢ + sin® ¢))do = d¢
This shows that w is closed automatically since dd¢ = 0.
Now, note that this would imply that ¢ = ¢(z,y) is our antideriv-
ative. Hence, as ¢ — m, we see that ¢(z,y) — ¢(—1,0) = 7, and
likewise as ¢ — —m, ¢(x,y) — ¢(—1,0) = —w. But this is impossible,

as ¢(—1,0) now takes on two different values.



